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Asymmetric probability densities in symmetrically modulated bistable devices
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A Brownian particle hopping in a symmetric double-well potential can be statistically confined into a single
well by the simultaneous action ¢&) two periodic input signals, one tilting the minima and the other one
modulating the barrier height, arid) an additive and a purely multiplicative random signal, generated by a
unique source and thus preserving a certain degree of statistical correlation. The underlying gating mechanism
is quite robust when compared, for instance, with biharmonic rocking. In view of technological implementa-
tion, asymmetric confinement through gating can be conveniently maximized by tuning the input signal
parametergcorrelation time, phase-time lag, amplituglebus revealing a resonant localization mechanism of
general applicability.
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I. INTRODUCTION place over the modulated barrier is gated toward one pre-

A Brownian particle bound by a bistable potential diffusesferred well, depending on the relative phase of the applied
symmetrically between two potential minima; this is the casedrives. In Sec. 1ll we compare this instance of asymmetric
of Kramers' dynamicg1], where the particle is activated confinement with an even simpler but less robust example,
solely by thermal fluctuations, as well as of stochastic resowhere asymmetry is obtained through a biharmonic drive, an
nance(SR) [2], where the particle escape over the potentialindirect manifestation of harmonic mixing. In Sec. IV we
barrier is controlled by the interplay of noise and externalshow that the gating mechanism of Sec. Il can be generalized
periodic drivés). In both cases the time-averaged particleto the case of noisy modulating drives with appropriate sta-
distribution densities peak symmetrically in correspondencéistical cross correlation and/or relative time delay.
with the potential minima; particle localization into one well
is customarily achieved by applying an external static bias
that breaches the symmetry of the sys{&h

For practical purposes experimenters are interested in The key mechanism underlying the phenomenon of asym-
confining the diffusing particle around one stable configurametric confinement is well illustrated by the study model of
tion and then manipulating it by means of various tech-an overdamped Brownian particle of coordinate) diffus-
niques; recent examples include magnetic flux microscopyng in a quartic double-well potential(x) =—-ax2/2+bx*/ 4,

[4], laser trap$5], quantum device desidi], and chemical \yith a h>0, subjected to a zero-mean Gaussian ndige
reaction contro[ 7], to mention but a fgw. However, in most _-4 two rectangular signalg(t)=e sgrcos Qt+da)], i
circumstances adding an external bias to the system under; , | . periodsT, =2/ Q—namely

. . . 149 I I 1
study is inconvenient, hence the need for an alternate ap-
proach to the confinement problem. x=a[1 + (1) x — b + axye () + (1) (1)

In a recent paper we proved that confinement in a noisy . )
bistable device may be achieved without apparent symmetrgnd{(£()£(0))=2D4&(1). Here, the additive signai(t) rocks
breaking[8]. A Brownian particle driven by a white, zero- the potential sidewise, whereas the control signé) sets
mean Gaussian noidenimicking thermal fluctuationsand, ~ the symmetric barrier separating the degenerate minima
possibly, by a sinusoidal force with angular frequery ~ *%o=*vVa/b, to a high-low heightAV,=AVy(1te,)? with
can be localized into one state by modulating the potentialtVo=a%/4b. The two configurations of the rocked-pulsated
barrier separating the two degenerate states. To this purpogetential are shown in Fig. 1.
one can either input a sinusoidal control signal with fre- The steadytime-averageddistribution densities®(x) of
guency(), or recycle the additive noise back through a noisythe stochastic proce44) have been computed by standard
transmission line with time delay, and residual correlation numerical simulation. In Fig. () our numerical data for
\. In both schemes the corresponding steady distributio; =, and ¢,=¢,=0 exhibit a marked asymmetry, corre-
densities develop one prominent peak, whose relative magponding to a stochastic confinement of the particle to the
nitude hits aresonancemaximum(of over 95% for optimal  left-hand sideLHS)—i.e., in the negative potential well. In
values of the input parametef®@, and (), or 7y and\, re-  view of the input signal synchronization, a qualitative inter-
spectively; which degenerate state the particle gets trappegretation of this outcome is immediate: As long as the driv-
in depends on the switch-on phase of the modulating signalng force €(t) points to the right, the barrier is set to its

The present article is organized as follows. In Sec. Il welarger valueAV,, so that the Brownian particle takes a rela-
introduce a simple model of periodically rocked-pulsatedtively long time to jump into the more stable well to the right
double well; the overdamped stochastic dynamics that takedrom where it can hardly escapeice versa, as the additive

II. ROCKED-PULSATED DOUBLE WELL
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FIG. 1. Rocked-pulsated quartic double-well potentidl: a
=b=1, ¢=¢,=0.1. The two configurations fog; 5(t) >0 (uppe) o
ande; ,(t) <0 (lower) are contrasted with the unperturbed potential
V(x) (pointed curveé The relevant barrier heights afe/_=0.111,
AVI=0.2,AV’=0.3, andAV,=0.409(see text

force reverses sign, the barrier switches to its lower value
AV_, thus speeding up the right-to-left escape process. As ¢
result, the spatial distribution densiB(x) tends to accumu-
late around %, Of course, shifting the relative phask

— ¢, by 7 is equivalent to changing— —x and thus revers-

ing asymmetry, as shown in Fig(a. . , . "
. . . . FIG. 2. (Color onling (a) Time-averaged probability densities
The gating mechanism[9] invoked here is expected to P(x) of the processl) for different periodsT;=T,=T,. Simulation

b_ecome increasingly efficient &is lowered belowAV,. In parametersie; = ,=0.1, a=b=1, AVy/D=4, - =7 (dashed
F',g' 2b) thg subtracted asymmetry f"?‘CtWE P—/Pf_l’ curve and ¢,— ¢1=0 (all remaining curves see Fig. 1. Time av-
with P, =([oP(£x,t)dx) and(:--); denoting the stationary grages are taken overZ6ycles.(b) Subtracted asymmetry ver-
time average taken over one forcing cycle, diverges exposusD for ¢,—¢,=0 and three different values a%,; (c) o versus
nentially for D— 0 and tends to zermo confinementac- T, for ¢,—#;=0 and three different values d@V,/D. A vertical
cording to a power law fob — oo, arrow marksT=2T_, T_ being the corresponding shortest Kram-
The dependence af on the forcing periodl, with T, ers’ escape time.
=T,=T, (synchronoussignalg, reveals a broad resonance
peak[Fig. 2(c)]. This property points to an underlying reso-  The dynamics of confinement under the conditions of Fig.
nant activation mechanismil0]: Due to the rectangular 2 is further illustrated in Fig. @), where the distributions of
modulatione,(t), the bistable potential switches between twothe escape times from the left to the rightN.(T), and vice
configurationsV, (x) =—a(1+e,)x?/ 2 +bx*/4; the two-valued versa,N_(T), are plotted for an optimal choice of the modu-
tilting term =e;axx removes the symmetry of the corre- lation period—i.e., To~T_/2. As expected[11l], escape
sponding barrier\V,—that is, when jumping to the right times equal to odd multiples ofy/2 are favored in both
(left), the particle overcomes different tilted barriers with directions; however, only the reverggght-to-leff) escape
heightsAV; (AV;), respectively. For the kind of; 5(t) sig-  process is closely synchronized with the in-phase periodic
nals employed here—i.e., in-phase and of comparable amplsignalse;(t) and e,(t), as manifested by the prominent peak
tudes 0< e; ~ €,< 1—these four barrier heights obey the in- of N_(T) at T=T,/2. The escape phase analysi§] in Fig.
equalites AV_<AV;<AV'<AV, (see Fig. 1 As 3(b) clearly reveals the nonstationary nature of stochastic
anticipated above, the dire¢left-to-right) escape timeT;  confinement: Under resonant conditions most jumps in either
over the higher barrieAV, is much larger than the reverse direction occur within one half forcing period from the latest
escape timél_ over the lower barriedV_, thus causing an switch of the two in-phase signals, with the synchronized
accumulation of the probability density in the negative well.jumps to the left outnumbering the synchronized jumps to
However, when the forcing period,, grows much longer the right.
thanT_, probability leakage through direct escape over both In a more general setug,(t) and e,(t) may differ either
barrier configurations starts degrading the gating effect, son phase—for instance, when an external force acting upon
that P_/ P, decays backloseto unity. the diffusing particlex(t) also modulates its substratéx)

=
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FIG. 3. (Color online (a) Escape time distributions: left to right,
N.(T) (solid symbol$, and right to left,N_(T) (open symbols for
AVy/D=4, To=80, and¢,—¢,=0. The other simulation param-
eters are as in Fig.(d). Note that the envelop&ashed curves
decay like exp-T/T,) with T,=2T<T*/(T:+T*) computed by
means of Eq(5.112 of Ref.[3]. (b) Escape phase distributions for
different values ofAVy/D, To=80, and ¢,—¢;=0: left to right
(solid symbol$ and right to left(open symbols The escape phase
@127 is defined as the time deldin units of Tp) between a given
in-phasee; ,(t) switch and the next particle jump. Solid and open
circles represent the overlappiig(T) distributions in the absence
of barrier modulation—i.e.e,=0.
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FIG. 4. (Color online (a) Subtracted symmetry facter versus
04/Q, (open symbols and Q,/Q, (solid symbol$ for T;=80.
Here, AVy/D=4 and ¢»,— ¢, =0; the remaining simulation param-
eters are as in Fig.(2). Dashed curves connect the spikes belong-
ing to the same familyfwith index shown. (b) o versusg¢, with
¢1=0 and different values of);/(,. All other simulation param-
eters are as irfa). Note that the oscillations displayed are well
reproduced by the modulation factpfA, ) (see text

lates around its average value 0 with amplitude proportional
to the modulation factop(A, ) =|7—Ap ¢/ 7—0.5 (mod 1),

with a phase lag that depends on the internal friction of thevhere for(),/Q,=p/q the dephasing angla,, readsA,

system[14]—or in frequency—corresponding to the case of
two distinct input signalgsay, a drive and a control signal
In Fig. 4(a) we plotted the subtracted asymmetryersus(),
for fixed T, and ¢1=¢,. A few remarkable properties are
apparent{i) Confinement occurs only farommensurat€),
and Q,—namely, forQ),/Q,=p/q, with p,q prime integers.
(ii) For irrational Q4/Q, ratios, P_/P,=1 within numerical
accuracy.(iii) The spikes ofP_/P, versus;/{), can be
rearranged in families with “odd” indice€),/Q,=(2m
-1)/(2n-1) or “even” indices Q4/Q,=(2m-2)/(2n-1);
both indices are obtained by keeping the integéixed and
letting m run fromn+1 to infinity (with the additional con-
dition
integers—i.e., Q,/Q,>1. Moreover, to each sucf2;/Q,
family we can associate a family with identical “conjugate
index” Q,/Q;. (iv) The smallem, the more prominent is the
spike family; moreover, within each family the spike ampli-
tudes decrease with the running index

=pp2—qes.

The adiabatic limitT; ,— o, far from providing an opti-
mal confinement, still allows a quantitative interpretation of
the (out-of-resonandeproperties listed above. For rectangu-
lar € 5(t) input signals, the high-low barrier potentials(x)
are tilted symmetrically to the right or left a¥;(x)
=V.(X) ¥ egaxx. Correspondingly, if both forcing periods
T, , are much longer than the slowest escape time, then the
time-averaged distribution density reads

that numerators and denominators are prime

Ap(X)P(Azm-1,21-1)
2m-1(2n-1) '

P(X) = Py(x) = (= )™ 2)

The efficiency of stochastic confinement depends on théor Q./Q,=(2m-1)/(2n-1) and P(x)=Py(x) otherwise;

phases of both signals: plotted versusp, [Fig. 4(b)] oscil-

here,
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o0 = [P+ P9, A5 = 51Q.00 - Q9]

)

where P, (x)=[e™V:¥/P+g™V:¥/P] /2N, are everx functions,
Q,(x)=[e™Vs WP _g Ve 2N, are oddx functions, and
N, =J* e :®/Pdx are suitable normalization constants. One
notices immediately that in the adiabatic limit /P,
spike is predicted fof),/Q,=(2m-2)/(2n-1), consistently
with the result of Fig. 4a) that for finite(), , the even spikes
with index (2m-2)/(2n—1) are suppressed with respect to
the corresponding odd spikes with indém-1)/(2n-1).
Moreover, in view of Eqs(2) and(3), the amplitudes of the
odd spike families decrease with the running indaxto-
wards the asymptotic value_ /P, — (1+6)/(1-6)>1, with ©
=17 |Ap(x)|dx/[(2m—-1)(2n—1)] diverging exponentially

for D— 0 and tending to zero according to a power law for

D — o [see Fig. 20)].

P(x)

Ill. BIHARMONICALLY ROCKED DOUBLE WELL

The asymmetry of the time-averaged probabilif&g) in 1
a modulated bistable system can always be traced back t ! (b)
some inherent asymmetry of the driving mechanism. In the (') 0'5 1'5 2 2'5
gating effect of Sec. Il such an asymmetry is due to the ’ o ’
relative phasel,, of the input signals being kept constant
throughout the process; the sign of a single signal cannot be FIG. 5. (Color onling Biharmonically rocked double-well po-

rever_sed without Changingp’q. ] tential (4) and (5): (a) Time-averaged probability densiti€%x) of
This phenomenon has been overlooked even in the Sie proces¢4) for AVy/D=4, and(;=0.005 and(,=0.01 (curve

literature[2,12,15. The most elementary model exhibiting 1, green, 0,=0.1 andQ,=0.2 (curve 2, reg, and Q;=0.1 and
asymmetric confinement we could think of corresponds to @,=0.1x \5 (curve 3, blug (b) Subtracted asymmetry versus
simplified version of Eq(1), Q;=0Qq; blue open squares),=2Q), and AV,/D=4; red solid
squares:(),=20, and AV,/D=6; green crossest),=50, and

-0.4

0

X=ax—bx+ axoF(t) + &(1), (4) AVy/D=4. Horizontal arrows point to the analytic estimée for
where&(t) is defined as above and 0,=20,—0 (same color code Inset: distribution of the simula-
tion forcing signal(5) sampled with time step 0.001: blue curve 1:
F(t) = A cogQqt + ¢y) + Ay coSQot + ¢hy). (5) 0,=20, (asymmetric, commensurate caseed curve 2: (),

=50, (symmetric, incommensurate cas©ther simulation pa-

Here, for commensurate frequencies/(2,=p/q, the bihar- rametersa=b=1, A,=A;=0.1, and integration time step 0.001.

monic signalF(t) is clearly asymmetric; the dynami€4) is
symmetric under signal reverskl— —F only for irrational Furthermore, numerical simulation shows that on increas-
0,/Q, [see inset in Fig. ®)]. ing Q4 with Q,/Q,=2, o decreases and eventually changes
No surprise that the time-averaged probability densities okign. This is an instance of the phenomenon known as reso-
the proces$4) develop a certain degree of asymmetry, quan-nant activation/10,16. For ¢;=¢, the forcing wave form
tified by a nonzero factos (Fig. 5. However, determining (5) develops large-amplitude crests of relatively short time
the sign ofo is not as straighforward as in Sec. Il duration: as long as the forcing peridd is larger thanT?,
In the adiabatic limit of Fig. 504,Q,— 0 with Q,/Q4 but shorter thanT_ (note here thall;<T'<T_<T,), the
=2 and¢, = ¢,, the zero-mean periodic drivg(t) is negative  particle flow from left to right is favored ana grows nega-
during a larger fraction of its perio@, than it is positive. As  tive. For extremely fast oscillations d¥(t) the Brownian
a consequence, one might predict an accumulation of thparticle sees an average potent{&l(x,t));=V(x); i.e., no
particle distributions in the negative well—that i&,>0.  asymmetry effects are detectable. This is the behavior dis-
This is confirmed by the adiabatic estimate played by the curves versusQ, in Fig. 5b).
P(x) = (PO 1));, (6) The proces$4) exhibits gsyr_nmetric confinement as are-
sult of the nonlinear combination of the two harmonic com-
with  P(x,t)=N(t)exd -V(x,t)/D], V(x,t)=V(x)—axxF(t), ponents ofF(t). Such a mechanism, experimentally estab-
andf” P(x,t)dx= 1; the resulting asymmetry factor attains a lished asharmonic mixing was not much explored in the
positive maximum for vanishingly low commensurate fre- context of transport theory, until very recenf§]. However,
guencies, in agreement with our numerical simulafisee  at variance with harmonic mixing in a sinusoidal potential
Fig. 5(b)]. [17], here the induced probability unbalance changes sign

031105-4



ASYMMETRIC PROBABILITY DENSITIES IN... PHYSICAL REVIEW E 71, 031105(2005

L u] -
NE g ]
[ 98 AV /D, _ ]

L 96 (AV/D,Q,/Q) ]
o ]
B N
Pre % ]
o | z ]
10 —

FIG. 7. (Color online Noise mixing(1), (7): Subtracted asym-
metry o versus the intensityQ, of the noisy signal e, for 7.
=0.005 and differenAV,/D andQ,/Q, (symbols, different colohs
the corresponding analytical predictions fe=0, Eq.(8), are dis-
played as solid curvegsame coloy. Other simulation parameters:
a=b=1, A=1, and integration time step 0.001. Note that seting
=1 does not imply full statistical cross correlation between the mul-
tiplicative signale,(t) and the total additive noise(t)+ &(t).

N * V'(y)dy
P(X):—GXP[—f — | (8
[Q(x) + D]"? Qly) +D
with Q(x)=a%(x3Q; +x?Q,+2Axex\Q;Q,) and N a suitable
normalization constant. The distributioR(x) is clearly
asymmetric forx # 0 (see Figs. 6 and)7Moreover, the sign

B, similarly to the relative phasg, , in the ac case of Fig.
4(b), determines the well where the particle tends to localize.

FIG. 6. (Color online Noise mixing(1), (7): Subtracted asym-
metry o versust. for different values ofQ;=Q, (a) and of the
standard deviationr;=0, (b); here (TiZEQi/TC (see text Other
simulation parametersa=b=1, AVy/D=4, A=1, and integration
time step 0.001.

with Q, (for Q,/Q, a constant rational numbetthus mak-
ing this effect less robust and predictable than the gatin
effect of Sec. II.

IV. NOISE MIXING

We now come back to the focus of this paper—namely, to
asymmetric confinement through gating. A variation of the
mechanism under study can be achieved by employing two
correlatednoisy signalg 18]. Let us consider the case of Eq.
(1) when €, 5(t) denote two stationary, zero-mean-valued
Gaussian noises with correlation functions

(6(h)€(0)) = )\ij@ exp(— Li) )
i

ij

and (&(t)€(0))=0 (i,j=1,2. To avoid technical complica-
tions we assume thaf; = 7. and\;;=\»,=1. The parameter
N=M\1,=M\,; Characterizes the two-signal cross correlation:

namely, A\=0, independent signalsy=1, identical signals, 440,06 (b)
&(t)=¢(t); A=-1, signals with reversed signe,(t) 0 s - . -

2 . ) 4 0.1 0.2 0.3 0.4 0.5
=—¢(t). Two signals generated by a unique noise source T

can get partially decorrelatefl| < 1, as an effect of different

transmission_ or co_upling_mechanisms. FIG. 8. (Color onling Subtracted asymmetnry versus the rela-
In the white noise limitr,— 0, the Fokker-Planck equa- tive ¢, ¢, delay timer, for different values ofQ; (a) and . (b).

tion associated with the procegb, (7) admits of a station-
ary solution in closed fornmi19]—i.e.,

Other simulation parametersi=b=1, AVy/D=4, A=1, Q;=Q,,
and integration time step 0.001.

031105-5



M. BORROMEO AND F. MARCHESONI PHYSICAL REVIEW E/1, 031105(2005

The magnitude of the confinement effect is controlled bytive on increasing);, Q, for 7y~ 7.. Here we limit ourselves
(i) the correlation timer, (Fig. 6). The subtracted asymmetry to a qualitative interpretation of these observations: When
o decaysexponentiallywith 7, from the corresponding ana- the relative time lag ot,, e, grows much larger tham., the
lytic value of Fig. 7 down to the adiabatic estimate obtainedwo signal become effectively uncorrelated and therefore in-
by computingo=o(e;, €,) at fixede;, e, and then averaging capable of trapping the particle in either well—i.ex(ry)
over the Gaussian distributions ok, e, o(7c—%) 0 for 74— »; however, as the escaping particle takes a
=(o(€1,€))12 The decay constant, of the curveso finite time to overcome the potential barrier, a nonvanishing
=o(r) is comparable with the adiabatic estimate delay 7, with 7,< 7. makes the confinement mechanism, al-
(T(e1,€))1,2 Of the relevant escape tiniB(e;,€;) out of a  ready described for the ac case, more efficient; hence the
deformed potential wellii) The additive noise intensiti&€3;  raising branch ofr(7y) with 74< 7.
andD (Fig. 7). For 7.— 0 the analytical estimate of based
on Eq.(8) reproduces quite closely our simulation results for
ar.=0.005 or smaller. For fixe®, andD, the curvess(Q,)
resonateat a certain intensity of theorrelatedadditive noise
€,(t), whereas the asymmetry increases uniformly with de- In conclusion, the nonlinear mixing of additive and mul-
creasing the intensit) of the uncorrelated nois&t). More- tiplicative zero-mean signals, periodic or random, alike, is
over, for largeQ, the curveso(Q,) approach an asymptotic capable of localizing a Brownian particle in one well of a
value depending orD and Q; (also an adiabatic limit symmetric bistable potential through a resonant mechanism
[10,16)). of stochastic symmetry breaking, a mechanism that went un-

A closer resemblance with the resonant dynamics undeiqoticed in previous workl15]. Correspondingly, preliminary
lying the ac confinement of Fig. 2 was obtained by assumingvidence suggests that the Brownian motion on a symmetric
thate; is transmitted with dime delayr, relative toe;—e.g.,  substrate under appropriate modulation conditions may exi-
by replacinge,(t) — ex(t—79) in Eq. (1) [20]. In Fig. 8 the  bit resonant rectificatio9,21]. Direct applications of the
resonant nature of stochastic confinement is appafigithe  confinement techniques proposed in this article are within
curves o(7g) tend to peak aroundy~ 7, for large noisy the reach of existing experimental technologies; a promising
modulations[Fig. 8@)] and/or short correlation timgs=ig.  example is the control of the polarization state of the light
8(b)]. (i) The asymmetric confinement becomes more effecemitted by a vertical-cavity-surface emitting la$2g].

V. CONCLUSIONS
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